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Determining the Optimal Sequence of Multiple Tests

Lucas Bottcher!?, Stefan Felder3*

Abstract

The use of multiple tests can improve medical decision making. The patient utility maximizing combination of
these tests involves balancing the benefits of correctly treating ill patients and avoiding unnecessary treatment
for healthy individuals against the potential harms of missed diagnoses or inappropriate treatments. We quantify
the incremental net benefit (INB) of single and multiple tests by accounting for a patient’s pre-test probability
of disease and the associated benefits and harms of treatment. We decompose the INB into two components:
one that captures the value of information provided by the test, independent of the cost and possible harm of
testing, and another that accounts for test costs and harm. We examine conjunctive, disjunctive, and majority
aggregation functions, demonstrating their application through examples in prostate cancer, colorectal cancer,
and stable coronary artery disease diagnostics. Using empirical test and cost data, we identify decision boundaries
to determine when conjunctive, disjunctive, majority, or even single tests are optimal, based on a patient's pre-test
probability of disease and the cost-benefit tradeoff of treatment. In all three cases, we find that the optimal choice
of combined tests depends on both the cost-benefit tradeoff of treatment and the probability of disease. An online
tool that visualizes the INB for combined tests is available at https://optimal-testing.streamlit.app/.

Keywords
diagnostic tests, combination testing, value of information, optimal testing, test threshold, treatment threshold,
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Introduction

Aggregating results from diagnostic and screening tests helps to improve overall test perfor-
mance. %% 10:19,16,22,25.28 Dyifferent terms are used in the literature to describe various combinations of single
tests. For instance, the protocol that classifies an individual as diseased if all tests return positive results is
referred to as the “all heuristic” ?'°, “believe-the-negative rule” ?*, “conjunctive positivity criterion” 178,
and “orthogonal testing” '*. In Boolean algebra, this way of aggregating binary signals corresponds to
using the binary AND operator. It implies that once a result is negative, testing stops and the patient
remains untreated. Another aggregation method is referred to as the “any heuristic” %' also known as the
“believe-the-positive rule”?* or the “disjunctive positivity criterion” """, In this protocol, all tests must
return negative results to classify an individual as healthy. Therefore, a single positive test is sufficient for
a diagnosis, which in turn leads to treatment. In Boolean algebra, this aggregation method corresponds to
the binary OR operator.
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During the COVID-19 pandemic, various antigen and antibody tests were developed.® Similarly, multiple
tests are available across various clinical settings, including diabetes testing®'', medical imaging?3-3%:3%,
prostate cancer testing?’, colorectal cancer testing'?, and stable coronary artery disease testing'”.

With multiple tests available, how can one efficiently combine them to maximize their informational value?
While efficient combinations are straightforward for two tests, calculations become increasingly complex as
the number of tests increases. An algorithm has been proposed in the literature to combine test results
and identify efficient combinations, using a knapsack-problem formulation.'® Another approach derives
aggregated sensitivities and specificities from individual tests.? While both approaches can identify the
receiver operating characteristic (ROC) frontier for combining constituent tests, neither provides a criterion
for selecting the optimal combination.

The optimal test along a given ROC curve can be determined by considering the benefits of true positives,
the utility loss from false positives, the cost of treatment, and the probability that the patient actually
has the condition.” Interestingly, when the harm and cost of testing are taken into account, tests that are
inefficient from an informational perspective (i.e., tests that fall inside the ROC curve) might still be optimal.
Furthermore, the optimal combination of individual tests must also take into account their ranking order.
Tests that are relatively cheap and harmless, and that lead to an early stop in testing due to the chosen
positivity criterion may be prioritized.

To establish criteria for optimally aggregating test results, the remainder of this paper is organized as
follows. The next section provides an overview of key parameters used to mathematically characterize
the value of diagnostic information, as well as the benefits and risks associated with specific treatments.
Subsequently, we derive the incremental net benefit (INB) for different test combinations and show how
selecting the optimal test can be framed as a problem of maximizing this function. We then present three
applications related to prostate cancer, colorectal cancer, and stable coronary artery disease diagnostics. For
all three examples, we identify decision boundaries that determine when different combinations of tests should
be used, depending on the cost-benefit tradeoff of treatment and a patient’s probability of disease. Finally,
we discuss the findings and conclude the paper. An online tool that we developed to visualize the INB for
various combinations of tests and parameters is available at https://optimal-testing.streamlit.app/.

The Incremental Net Benefit of a Test
The Treatment Threshold

We consider a diagnostic risk scenario in which uncertainty pertains to both a patient’s probability of illness
and the potential benefits and harms of treatment. For an ill patient, a decision maker evaluates a treatment’s
monetary net benefit as

b= Agg — ™, (1)

where ¢, is the gain of quality-adjusted life years (QALYs), X is the willingness to pay for a QALY and cRx
is the treatment cost. In contrast, a healthy patient will incur a monetary utility loss equal to

I =Ag + ™ (2)

from the treatment. We now assume that the potential benefits, harms, and costs of treatment vary for each
individual patient. A patient’s cost-benefit tradeoff associated with the treatment is represented by

l
= — ,* 3
P=T00 3)
and the uncertainty about the health status is described by the pre-test probability of disease p, which
also differs among patients. Facing a patient, characterized by (p,p), the decision maker evaluates the
tradeoff between treatment and no treatment. The patient’s expected utility of treatment is E[U(p, p)] =

pb—(1—p)l=blp—(1- p))ﬁ, where we substituted 7 L 5 for 1/b after the second equality sign. If this

*More precisely, p/(1 — p) = 1/b quantifies the utility loss of treating a healthy patient relative to the net benefit of treatment
if the patient is ill.
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quantity is positive, treatment is recommended; otherwise, no treatment is preferable. This reasoning leads
to the two treatment thresholds

(p) = p, (4)
and

“p) =p, (5)

at which the decision maker is indifferent between treatment and no treatment ! A patient should only be
treated if p > p®* or, equivalently, if p < p&*.

The Value of Diagnostic Information

The treatment threshold p®* plays a central role in determining the informational value of a test, as it defines
the decision maker’s choice in the absence of a diagnostic test. For a test with sensitivity Se (true positive
rate) and specificity Sp (true negative rate), and a patient’s characteristics summarized by p and p, the value
of diagnostic information is

pSeb— (1 —p)(1—Sp)l, if 0 < p < phx
—p(1=Se)b+ (1 -p)Spl, ifp™*<p<1

B pSe—(l—p)(lfSp)ﬁ, if 0 < p < phx
B —p(l—Se)Jr(l—p)Splfppv if pf* <p<1.

VI (p, p,Se,Sp) = {

The function VI (p, p, Se,Sp) is the difference between the expected utility of the treatment decision with
and without a test. Without a test, patients with a low probability of disease, p, would remain untreated. In
contrast, with a test, patients with true-positive results receive treatment and gain utility, while those with
false-positive results suffer a utility loss. In expected terms, the utility gain from true-positive outcomes is
pSeb, while the utility loss from false-positive outcomes is (1 — p) (1 — Sp)l. Without a test, treatment is
the preferred choice for patients with a high p. With a test, true-negative outcomes avoid the utility loss
associated with unnecessary treatment, providing an expected benefit of (1 — p) Spl. However, false-negative
outcomes prevent the patient from receiving the benefits of treatment, resulting in an expected utility loss
of —p (1 —Se)b.

Test Thresholds

A test will come with monetary cost, ¢P*, and potentially involve harm to the patient in case of invasive
testing, represented by AhP*. This leads to the concept of incremental net benefit (INB) of testing, defined
as

INB(p, p) = VI(p, p, Se, Sp) — ¢P* — AhPx. (7)

Using the INB, one can formulate the necessary and sufficient conditions for selecting the optimal diagnostic
test. Let Z={1,2,...,n} be the set of all tests available for detecting a specific illness. The necessary
condition for using test i € Z is INB;(p, p) > 0. The sufficient condition requires INB;(p, p) > INB,(p, p) for
all i £ j € L.

The literature on medical decision-making distinguishes between two approaches to defining the testing
range. Pauker and Kassirer (1980) introduced the concept of a test interval for p, given p.?! In contrast,
Vickers and Elkin (2006) developed the decision curve analysis to determine the upper and lower bounds for

p, given p. 3"

TThe first treatment threshold was introduced by Pauker and Kassirer (1975) 29, while the second was proposed by Vickers and
Elkin (2006) °.
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Figure 1. The incremental net benefits INB;(p) and INB;(p) of two tests as a function of the probability of disease p,
given p. The test and test-treatment thresholds are Q?X,B?x and ﬁ?x,ﬁ?x, respectively. At p?j", the decision maker shifts

from preferring test ¢ over test j.

By setting Eq. (7) equal to zero and solving for p, we obtain the corresponding test and the test-treatment
thresholds

(1 =Sp) I+ e+ AP p(1—Sp) + (1 — p)(c* + AWPX)/b

Dx _ _ if Rx

) (1—Sp)l+Seb p(1—Sp)+ (1—p)Se PSP ®)

o Spl— D% — ARDX  pSp— (1 — p)(cPX + ARPX)/b .

pD (P) _ p _ poP ( p)( )/ , lfp > pR ) (9)
Spl+(1—Se)b pSp+ (1 —p)(1 —Se)

The test interval [QDX,ﬁDX] decreases if a test becomes more costly or more harmful. Starting from the INBs
of two tests, ¢ and j # i, the probability of disease at which the decision maker shifts from preferring test ¢
over test j is

Dx Dx
pASp — (1 —p) ASe =
where AcP* = ¢P* — ¢, ASe = Se; — Se; and ASp = Sp, — Sp;.

In Figure 1, we show the INB of two tests as a function of the probability of disease p. The INB is
linear in p and reaches its maximum value, p J b — ¢PX, at p, where J = Se — (1 — Sp) is the Youden index. **
The testing interval is determined by the minimum of the test thresholds and the maximum of the test-
treatment thresholds. In the scenario shown in Figure 1, patients with p < p?x or p> f)}:’x should not be

tested. The former should not be treated and the latter undergo direct treatment. For B],'DX <p< p?j", test ¢

i (p)

is recommended, and for p]?jx <p< f)}jx, test j is preferred.

Rather than expressing the thresholds in Egs. (8)-(10) as a function of a patient’s cost-benefit tradeoff
p, we can alternatively derive thresholds for p, given a patient’s probability of disease p.*" Setting Eq. (7)
equal to zero and solving for p yields a lower and upper bound

Dx p(l B Se) + (CDX + )\th)/b 3 Rx
= f <
L) = TS ¥ (1= p) ST (D L A PSP
_Dx Se — (¢P* 4+ AWPX) /b
pD (p) p ( )/

" pSe+ (1—p)(1—Sp) — (cP* + ARDX) /b’

if pR* > p,

where a test with sensitivity Se, specificity Sp, cost ¢P*, and harm hP* can be used.

The width of the test interval [BDX,ﬁDX] increases with ¢P* and hP*. When the test is cost-free and
causes no harm, the upper threshold corresponds to the positive predictive value, and the lower threshold
corresponds to 1 minus the negative predictive value.
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Figure 2. The incremental net benefits INB;(p) and INB;(p) of two tests as a function of p. The lower and upper
threshold were testing is indicated are B?X,B?x and ﬁ?x,ﬁ?", respectively. The probability of disease is p. At p?j", the
decision maker shifts from preferring test i over test j.

The treatment threshold at which the decision maker shifts from preferring test ¢ over test j is

Dx(p) = pASe — (AcP* + AARPX) /b (12)
Pii )= 7ASe — (1 — p) ASp — (AcDx + AARDx) /b

In Figure 2, we show the INB of two tests as a function of a patient’s cost-benefit tradeoff of treatment p.
The INB is convex for p < p and concave for p > p. Given the probability of disease p, and the characteristics
of the tests, including their costs, a testing range [pP*,p"] is defined. Patients for which p < B?X should

be treated without prior testing, while for patients with p > ﬁ?x, neither testing nor treatment is indicated.

Dx

Patients in the range B?X < p < p7* should undergo test j, and those in the range p?ix < p < pP* should

Je
receive test 1.

Sequencing Tests and Aggregating their Results

With multiple tests available, the decision maker must address the challenge of aggregating test results,
choosing a positivity criterion, and determining the order in which the tests will be conducted. With a
conjunctive positivity approach (using the AND operator in Boolean algebra), additional tests are applied
if and only if the previous test yielded a positive result. In other words, the test sequence stops as soon
as a negative outcome occurs. In contrast, with a disjunctive positivity approach (using the OR operator
in Boolean algebra), further tests are performed if and only if the previous test is negative, meaning that
testing stops as soon as a positive result is obtained.! With more than two tests available, a combination of
the AND and OR operators and a majority criterion can be applied. The cost and harm of each individual
test will play a key role in determining the specific sequence of tests.

In deriving our results, we assume that the outcomes of different tests are conditionally independent,
given the disease status. This assumption is commonly used in the medical decision-making literature as it
simplifies the mathematical analysis of aggregated test results. Additionally, manufacturers usually report
performance measures for individual tests without specifying potential dependencies between them. However,
in practice, test results may be correlated.

In the following sections, we use the notations # Ay and z V y to represent the Boolean operations # AND y and = OR v,
respectively.
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Two Tests

The incremental net benefit of a sequence consisting of two tests, starting with test 1 and using the AND
operator, is

INBiaz (p, p) = VI(p, p,Se1nz, SPipg) — ¢ — AR — (pSer + (1 — p) (1 — Spy)) (8 + Ahy™),  (13)

where Sejpe = H?Zl Se; and Spy,o =1— H?:l (1 — Sp,). The sequence of tests (i.e., whether to start with
test 1 or test 2) does not affect the value of diagnostic information; it only changes the expected testing cost.
As pSe; + (1 — p)(1 — Sp,) is the probability of a positive test outcome from test 1, test 1 has an advantage
over test 2 not only if its cost and potential harm are lower, but also if it is expected to yield fewer (true
and false) positive outcomes. This is because fewer positive outcomes make it less likely that test 2 will be
needed.

The incremental net benefit associated with initiating the test sequence with test 1 and applying the OR
operator is

INB1vz (p, p) = VI(p, p, Se1va, Sp1ya) — ¢ — AP — (p (1 — Seq) + (1 —p) Spy) (B + AhY),  (14)

where Sejye =1 — H?zl (1 —Se;) and Spyye = Hle Sp,. Again, the test sequence does not affect the value
of diagnostic information. The expected cost and harm of test 2 depends on p (1 — Se;) + (1 — p) Sp;, the
probability of a negative result from test 1.

Three Tests

For three tests, the incremental net benefit associated with the AND operator is

INBia213 (9, p) =VI(p, p, Se1r243, SP1ponz) — CL* — ARD*
— (pSe1 + (1 —p) (1 = Spy)) (5™ 4 Ah3™) (15)
— (pSernz + (1 = p) (1 = Spyaa)) (c5 + AR5™),

where Sejaang = H?:1 Se; and Spyagng =1 — H?Zl (1 —Sp;).

Building on the INB from the two-test case [see Eq. (13)], we incorporate the term pSejas +
(1 —p) (1 —Spypg) =pSerSes + (1 —p) (1 —Sp;) (1 —Spy). This term accounts for the probability of a
positive outcome after two tests, which leads to the use of the third test. As in the two-test examples,
the specific test sequence does not affect the value of information; it only influences the expected cost and
harm of testing.

For the OR operator, we have

INBivavs (p, p) =VI(p, p, Se1vava, SPivavs) — co* — AhD*
—(p (1= Sey) + (1 = p) Spy) (5™ + Ahy™) (16)
— (p (1 —Se1va) + (1 = p) Spyya) (B + AREX),

where Sejyayz =1 — H?:1(1 — Se;) and Spyyays = H?Zl Sp,. The probability of a negative outcome after two
tests, which necessitates the use of a third test, is p (1 — Sejvz2) + (1 — p) Spyye = (1 — Seq)(1 — Sez) + (1 —
p) Spy Spy).

With three tests, a test protocol based on the majority criterion offers another combinatorial option. If two
tests yield positive outcomes, the decision maker would choose treatment, whereas two negative outcomes
would lead to no treatment. The third test is required only when the first two tests produce conflicting
results. This approach results in the incremental net benefit

INByi(1,2,3) (p,p) =VI (I% P> SeM(1,2,3) SPM(1,2,3)) — P = ARPX — X — ARy

— [p (Se1 (1 —Sez) + (1 = Se1) Sez) + (1 = p) (Spy (1 — Spz) + (1 = Spy) Spo)] (e5™ + Ahz™)
(17)
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7
where
Sen(1,2,3) = Se1Sez + SeiSes + SepSes — 2Se; SepSes (18)
and
SPw(1,2,3) = SP1SP2 + SP1Sp3 + Sp2Sps — 2Sp;Sp,Sp; - (19)

AND and OR Aggregation of the Results of n Tests

Generalizing the previous equations to cases with n > 3 tests is straightforward. Adding another test affects
the overall informational value of the test protocol, increases the expected cost including a potential harm
in case of an invasive test, and may induce a further test, depending on the chosen positivity criterion. The
incremental net benefit of a combined n-test, when using the AND operator, is

INBia...An (pv P) =VI (p, Py Se1A- AR, Sp1/\.../\n) - C?x - >\hl1)X

- Dx Dx (20)
- Z [p (1 = Sein..ni) + (1 =p) Spippil (67 + AR,
i=2
where . .
Sein.an =] [Sei and Spia.n, =1-]](1—Sp,). (21)
i=1 i=1

With the AND operator, overall sensitivity decreases, while overall specificity increases with n. In
environments where the probability of disease is low, increasing the number of tests is appealing. A
high specificity decreases the expected number of false positives, which is advantageous both from the
informational and the cost perspectives. At the same time, applying one more test always implies an
additional cost.

With the OR operator, we have

INB1y...vn (P, p) =VI(p, p,Se1v...vn, SP1y...vn) — Clljx - Ahlljx

n—1 b 5 (22)
- Z [p(1 —Serv...vi) + (1 = p)Sp1y..va) (7 + Ah™)
i=2
where . .
Serv..vn =1— H(l —Se;) and  Spyy..y, = H Sp; - (23)
i=1 i=1

With the OR operator, overall sensitivity increases, while overall specificity decreases with n. If the
probability of illness is high, decision makers will be inclined to increase the number of tests because a high
sensitivity decreases the expected number of false negatives which is warranted both from the informational
and the cost perspectives.

As shown in Egs. (13)—(17), the value of diagnostic information does not depend on the order in which the
n tests are conducted. Low-cost tests, when performed earlier in the sequence, are associated with a lower
INB. Under the AND operator, tests that decrease the probability of positive outcomes are preferred due to
their lower INB. In contrast, under the OR operator, tests that reduce the probability of negative outcomes
are more likely to be prioritized earlier in the sequence.

For test strategies using the majority rule, we choose not to present the INB, overall sensitivity, or
specificity when n > 3 and an odd number, as the corresponding mathematical expressions become very
lengthy and their derivation is much more complex than for the AND and OR functions.

Determining the Optimal Test

We use S to denote a set of available single and combined tests. Given a patient’s pre-test probability of
disease p and cost-benefit tradeoff p, the decision maker will select the test

k* = argmax INBy(p, p) . (24)
kes
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For the region in the (p, p) space where testing is indicated, the decision maker’s choice can also be described
using the thresholds defined in the section “The Incremental Net Benefit of a Test”. For the set S of available
single and combined tests, we have

P2 (p) = min (pP*(0)) = PR3 (p) (25)
and

—Dx —_Dx Dx.—

Pinax (p) = max (5 (p)) = p3 "' (), (26)
where Bﬂ’i‘n(p) = minges (BEX(I))) and pox. (p) = maxges (pp*(p)). We use the notation pha'(p) and
Biﬁ—l(p) to indicate the inverse of p2% (p) and Qz’i‘n(p), respectively.

This brings us to the following decision rules for a patient characterized by (p, p):

e Do not test or treat if p < Qi’i‘n(p) or, equivalently, p > Bgl);x(p)
o Test if Qi’i‘n(p) < p <PP% (p) or, equivalently, Bg’i‘n(p) < p<pRx (p)

max max
Dx

e Treat without testing if p > Dox (p) or, equivalently, p < Bz’i‘n (p)

Within the region where testing is indicated, the optimal transition threshold can be determined by
comparing all pairs ijX(p) and pB—X (p) . However, this approach requires quadratic memory and runtime, as
every pair of tests must be evaluated, making it computationally complex. A more efficient method, linear
in the number of tests, involves computing the envelope of INB(p, p) and directly determining the optimal
test and corresponding transition thresholds between tests using Eq. (24).

Applications

We now turn to three applications to illustrate how the choice of the optimal test protocol varies with both
the probability of disease p and the cost-benefit tradeoff of treatment p.

The first two examples focus on prostate cancer and colorectal cancer diagnostics, two diseases which
exhibit a low prevalence. The third example considers stable coronary artery disease, a condition with
relatively high prevalence in certain population groups. In all three cases, up to three tests can be combined
using AND, OR, and majority functions.

Prostate Cancer Diagnostics

Prostate-specific antigen (PSA) levels in the blood are used to identify men with prostate cancer. A cutoff of
20% for free-to-total PSA (FT) is applied to define a positive test result. Alternatively, or as a complement,
human kallikrein 2 (hK2) can be used, with a cutoff set at 0.075 ng/mL. For these cutoffs, Vickers et al. (2013)
report Sepr = 0.91 and Sppr = 0.40 for FT, and Sepke = 0.51 and Spy i, = 0.78 for hK2.2 Although the
Youden index differs only slightly between the two tests (Jpr = 0.31 vs. Juke = 0.29), FT clearly dominates
HK in terms of the positive likelihood ratio (LR = 2.32 vs. LR, = 1.52). However, FT is inferior to HK
with respect to the negative likelihood ratio (LRpp = 0.66 vs. LR, = 0.43).°

A third option for prostate cancer testing is transrectal ultrasound (TRUS). For a cutoff of 50 cm?,
Vickers et al. (2013) report Sergrus = 0.84 and Sppryg = 0.34. The single tests and combined tests with
varying sequences and positivity criteria result in 33 different test protocols (see Table 1). Since the sequence
of tests does not affect the resulting sensitivity and specificity, these protocols produce 12 distinct pairs of
sensitivity and specificity. From an information-theoretic perspective, nine of these test protocols are efficient,
as they are part of the ROC frontier [see Figure 3(a)].Y The individual tests FT, hK2, and TRUS, as well
as the combined tests hK2 A TRUS, hK2 vV TRUS, and FT vV TRUS, are not efficient as they are all weakly
dominated by combinations of neighboring tests.

SLR* = Se/(1 — Sp), LR~ = (1 — Se)/Sp.
91f arbitrary AND/OR combinations are allowed, the tests (FT A hK2) V (FT A TRUS) with Se = 0.88 and 1-Sp = 0.44, and
FT Vv (hK2 A TRUS) with Se = 0.95 and 1-Sp = 0.66, are efficient. As a result, FT A TRUS would become inefficient.
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Figure 3. Prostate cancer diagnostics. (a) The ROC curve for prostate cancer testing. (b) Regions within the (p, p) unit
square where different testing protocols are optimal. The sequence of tests does not influence the sensitivity and
specificity values shown in the ROC plot. However, it is crucial in determining the optimal testing protocols illustrated in
panel (b). Because the sequence of the first two tests in the majority protocol does not affect the outcome, the protocols
M(FT,hK2, TRUS) and M(hK2, FT, TRUS) are equivalent in terms of their incremental net benefits.

TRUS involves inserting a probe into a patient’s rectum, which is uncomfortable for the patient and time-
consuming for the physician. Vickers et al. (2013) quote an urologist who stated that he would perform no
more than 10 ultrasound tests to detect cancer if the ultrasound was a perfect test. Assuming that this
urologist anticipated the benefits, harm, and cost of a biopsy, as well as of the cancer treatment for true
positives, we set b = 10(cP* + AhP¥). For their study on biopsy outcomes, Vickers et al. (2013) report that
26% of patients were positive for cancer.

For p* = p, the informational value of a test is maximized. For p®* = 0.26, corresponding to a benefit-cost
ratio of 2.85 in treatment, the overall test range for the pre-test probability of disease is [0.12,0.63] (Table 1).
The first optimal test within this range is the combined test hK2 A F'T, with BEX = 0.12. Among all
single and double tests, it has the highest positive likelihood ratio. In the combined test hK2 A F'T, hK2
is performed first because its higher specificity compared to FT reduces the probability of positive test
outcomes, and, consequently, decreases the probability that FT will be conducted. At pE§2 ApT.FT = 0.27
(above the treatment threshold), the single FT test begins to offer a greater incremental net benefit than
hK2 A FT. Notice that the single FT test has a very low negative likelihood ratio. At pg”)[{‘,FthK2 =0.44,
the combined test FT V hK2, which has the lowest negative likelihood ratio, becomes the optimal testing
protocol. The first test in this sequence is FT, which, due to its high sensitivity, reduces the probability of
both negative test outcomes and the need for the second test. The testing range ends at ppa, o = 0.63.

With the probability of disease fixed at p = 0.26 and the cost-benefit tradeoff p varying, the range
where testing is indicated is [0.11,0.53]. The lower bound is reached by FT VhK2, and the upper
bound by hK2 AFT. This corresponds to an interval of [8.09,0.89] for b/l where testing is justified. At
Pg%f“thz,FT = 0.12, the single test FT becomes optimal. Then, at pllg")[(‘,hKQ/\FT = 0.26 and for higher values of
p, the conjunctively combined test hK2 A FT is indicated. The corresponding benefit-cost ratio for FT and
hK2 AFT is 7.33 and 2.85, respectively.

Figure 3(b) shows the different test regions in the (p,p) space. Interestingly, for p > 0.3 and p > 0.65,
the conjunctive triple test hK2 AFT A TRUS can be the optimal choice. However, the range of (p,p)
combinations, where this is the case, is very narrow. The majority rule becomes a viable option only when
p and p are around 0.9, where the benefit-cost ratio of treatment is 9.


https://doi.org/10.1101/2025.03.12.25323851

medRxiv preprint doi: https://doi.org/10.1101/2025.03.12.25323851; this version posted March 13, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
All rights reserved. No reuse allowed without permission.

10

Table 1. Sensitivity and specificity of single and combined tests, as well as their optimal intervals, for prostate cancer
diagnosis. We assume that (cPys + AhE%us)/b = 0.1 and cR¥/b = ¢, /b = 0.01.

Test Se Sp LRT™ LR~ Efficient test Optimal test interval
pP*(p = 0.26) p”*(p = 0.26)

Single tests

FT 0.91 0.40 1.52 0.23 no [0.27, 0.44] [0.12, 0.26]

hK?2 0.51 0.78 232 0.63 no

TRUS 0.84 0.34 1.27 047 no

Combined tests

AND (n = 2)
FT, hK2 046 0.87 354 0.62 yes [0.12, 0.27] [0.26, 0.53]
hK2, FT 0.46 0.87 3.54 0.62 yes
FT, TRUS 0.76 0.60 1.90 0.40 yes
TRUS, FT 0.76 0.60 1.90 040 yes
hK2, TRUS 043 0.85 2.87 0.67 no
TRUS, hK2 043 0.85 2.87 0.67 no
AND (n = 3) 0.30 091 433 0.67 yes
FT, hK2, TRUS; FT, TRUS, hK2; hK2, FT, TRUS; hK2, TRUS, FT; TRUS, FT, hK2; TRUS, hK2, FT
OR (n=2)
FT, hK2 0.96 031 1.39 0.13 yes [0.44, 0.63] 0.1, 0.12]
hK2 FT 096 031 1.39 0.13 yes
FT, TRUS 099 0.14 1.15 0.07 no
TRUS, FT 099 0.14 1.15 0.07 no
hK2, TRUS 092 0.2v 126 0.30 no
TRUS, hK2 092 0.27v 126 0.30 no
OR (n=3) 0.99 0.11 1.11 0.09 yes

FT, hK2, TRUS; FT, TRUS, hK2; hK2, FT, TRUS; hK2, TRUS, FT; TRUS, FT, hK2; TRUS, hK2, FT

Majority (n =3) 0.88 0.55 1.96 0.22 yes
FT, hK2, TRUS; FT, TRUS, hK2; hK2, FT, TRUS; hK2, TRUS, FT; TRUS, FT, hK2; TRUS, hK2, FT

Vickers et al. (2013) emphasize the importance of assessing the patient’s treatment preferences, which
may be determined through a shared decision-making process.?” They suggest that the typical p for prostate
cancer biopsy is 20%, corresponding to a benefit-cost ratio of 4. As shown in Figure 3(b), this threshold
roughly translates to a testing interval for p between 0.1 and 0.5.

Germany’s Robert Koch Institute (2022) reports the 10-year probabilities of developing prostate cancer
for men at various ages: below 0.1% for those under 35 years, 0.4% at 45 years, 2.5% at 55 years, 6.2% at
65 years, and 6.7% at 75 years.?” These probabilities are all below the minimum test threshold, indicating
that men should not undergo single or combined tests for prostate cancer. Testing would only be reasonable
for men over 65 if the benefit-cost ratio for biopsies did exceed 10. At this threshold, the combined test
hK2 A FT would be the preferred testing protocol due to its high positive likelihood ratio and low expected
testing costs. A benefit-cost ratio of at least 24 for the biopsy followed cancer treatment would be required
to justify using the single FT test alone.

Colorectal Cancer Diagnostics

According to the Robert Koch Institute, the lifetime risk of developing colorectal cancer is approximately 1
in 25. Below age 65, the incidence rate is under 1%, but it increases to about 2% by age 80.2°% Many countries


https://doi.org/10.1101/2025.03.12.25323851

medRxiv preprint doi: https://doi.org/10.1101/2025.03.12.25323851; this version posted March 13, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
All rights reserved. No reuse allowed without permission.

11

have implemented screening programs to detect colorectal cancer in the population. Several diagnostic
options are available. The fecal immunochemical test (FIT) uses antibodies to specifically detect hemoglobin
protein. Multitarget stool DNA testing (MTsDNA) identifies both hemoglobin and certain DNA biomarkers.
Additionally, a colonoscopy examines the rectum, the sigma, and the entire colon using a flexible, lighted tube
called a colonoscope. This device is equipped with a lens for viewing and a tool for tissue removal. While this
invasive test is effective, it carries a perforation rate of 0.04% and, in the event of endoscopic perforation,
a mortality rate of 7.5%.'3 With an assumed residual life expectancy of 15 years, the potential harm to
the patient is equivalent to a loss of 0.0006 life years. Additional test characteristics, such as sensitivities
and specificities, are summarized in Table 2, based on data from Pickhardt et al. (2003) and Ladabaum &
Mannalithara (2016). %%

Table 2. Characteristics of FIT, MTsDNA, and colonoscopy for colorectal cancer diagnosis.

FIT MTsDNA  Colonoscopy  Treatment
Se 0.733 0.933 0.887
Sp 0.964 0.898 0.796
cPx USD 19 USD 649 USD 1,400
hPx 6 x 1074
cfx USD 75,000
QALY 1.5
b USD 75,000
cPx/b 2.53x107* 8.65x 1073
(cP* + ARP¥) /b 1.97 x 1072

Figure 4(a) shows the ROC curve for colorectal cancer diagnostics. Similar to the previous example, for
prostate cancer diagnostics, out of 33 combinations, 12 tests have distinct sensitivities and specificities. Five
of these tests form the ROC frontier. None of the single tests belong to the frontier. Remarkably, the majority
test protocol, with Sey(rrt,mT,con) = 0.95 and Spyyprr,vmt,cor) = 0.98, is very close to the maximum values
of SerrrvmTveor = 0.99 and SpprrayTacor = 0-99.

Figure 4(b) shows the different test regions in the (p, p) space. Compared to the prostate cancer case, the
overall area in which testing is indicated is significantly larger, primarily due to the higher accuracy of the
tests for colorectal cancer. The single FIT test, which is not part of the ROC frontier, is the optimal test for
low values of p and p. The combined test FIT V MT is optimal for slightly larger values of p. For p > 0.05
and sufficiently large values of p, tests with majority aggregation function are optimal, provided that COL
is used as the last test in the sequence. Whether to begin with FIT or MT makes no difference.

Given the low pre-test probability of colorectal cancer, only FIT and conjunctively combined tests with
high specificities (Spprrapracor = 0.999 and Spprpayr = 0.996) appear to be relevant in practice. For
p = 0.02, the triple test is optimal if p > 0.3, corresponding to a benefit-cost ratio for cancer treatment of
2.33. The side effects of colonoscopy are negligible, as the probability of requiring COL after a positive
result for both FIT and MT is only 0.017. For a benefit-cost ratio between 2.33 and 20, the combined test
FIT A MT, with its higher sensitivity (0.68 vs. 0.61), becomes the optimal choice. For ratios exceeding 20,
FIT alone is optimal, with a sensitivity of 0.73.

Stable Coronary Artery Disease Diagnostics

The European Society of Cardiology (ESC) published guidelines on the management of stable coronary artery
disease (CAD) in 2013.'7 These test guidelines differentiate according to a patient’s pre-test probability p
of suffering stable CAD. The ESC task force recommended no testing if p is below 15%, and non-invasive
testing in patients with p between 15% and 85%. If p exceeds 85%, the diagnosis of stable CAD should
be made clinically.! This recommendation is based on the observation that non-invasive cardiac tests on
average have a sensitivity and a specificity equal to about 85%. The task force argues that because 15% of

IESC refined its guidelines in 2019 and 2024.'2:3! By and large, it confirmed the >15%—85% non-invasive testing range for the
pre-test probability, although it narrowed the targeted indication from “stable CAD” to “obstructive CAD”.
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Figure 4. Colorectal cancer diagnostics. (a) The ROC curve for colorectal cancer testing. (b) Regions within the (p, p)
unit square where different testing protocols are optimal. The sequence of tests does not influence the sensitivity and
specificity values shown in the ROC plot. However, it is crucial in determining the optimal testing protocols illustrated in
panel (b). Because the sequence of the first two tests in the majority protocol does not affect the outcome, the protocols
M(FIT,MT, COL) and M(MT, FIT, COL) are equivalent in terms of their incremental net benefits.

test results will be incorrect, not using a test at all will lead to fewer incorrect diagnoses for patients with
p < 15% or p > 85%. Apparently, this recommendation does not consider the cost and potential harm of
testing. Furthermore, it implicitly assumes that b =1 (i.e., the net utility of treating a patient with stable
CAD is equal to the utility loss of treating a patient without stable CAD).**

Table 3. Characteristics of ETT, SE, MPS, and CCTA for stable CAD diagnosis.

ETT SE MPS CCTA ICA and Rx
Se 0.68 0.867 0.806 0.937
Sp 0.77 0.807 0.747 0.847
cbx USD 100 USD 340 USD 819 USD 394
l USD 55,000
b USD 105,000
/b 957x107% 3.25x 1073 7.84x 1073 9.57 x 10~*

In a recent publication, Min et al. (2017) analyzed single and combined test strategies for stable
CAD, taking into account the cost and harm of testing and the benefit and cost of treatment. The
different single tests include exercise treadmill testing (ETT), stress echocardiography (SE), myocardial
perfusion scintigraphy (MPS), coronary computed tomographic angiography (CCTA), and invasive coronary
angiography (ICA).'® The latter, however, is rather costly and comes with a 1% mortality rate. Table 3
shows the parameter values based on data from Min et al. (2017).'® MPS is dominated by SE and CCTA in
terms of sensitivity, specificity, and cost. To calibrate the model, we set b/l = 1.9 such that the test threshold
for ETT is equal to 15%. At the same time, the test-treatment threshold for CCTA becomes 87%, which is
close to the ESC 2013 guidelines at which non-invasive testing is no longer indicated. The average cost of
treatment, estimated by Min et al. (2017), is [ = USD 55,000 for patients with a 20% pre-test probability of

stable CAD.

**This can be verified if we set pP* = 0.15, pP* = 0.85 and solve for b/l [see Egs. (8) and (9)].
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Figure 5. Stable coronary artery disease (CAD) diagnostics. (a) The ROC curve for CAD testing. (b) Regions within the
(p, p) unit square where different testing protocols are optimal. The sequence of tests does not influence the sensitivity
and specificity values shown in the ROC plot. However, it is crucial in determining the optimal testing protocols
illustrated in panel (b). Because the sequence of the first two tests in the majority protocol does not affect the outcome,
the protocols M(ETT, CCTA, SE) and M(CCTA,ETT, SE) are equivalent in terms of their incremental net benefits.

According to Figure 5(a), five different test strategies constitute the ROC curve for stable CAD testing. The
single tests SE and ETT are far off the efficient frontier. CCTA is weakly dominated. The highest sensitivity
is achieved with the disjunctive triple test ETT vV SE vV CCTA, the highest specificity with the conjunctive
triple test ETT A SE A CCTA. The double tests that exclude the inefficient ETT, i.e., SEV CCTA and
SE A CCTA, are also part of the ROC curve, as is the triple test with the majority rule.

Figure 5(b) shows the optimal test protocols, depending on a patient’s probability of stable CAD, p, and
their individual treatment threshold p. The single tests ETT and SE are never optimal. CCTA is the best
option if both p and p are low, specifically when p < 18% and 1% < p < 3%. If p < 1%, the disjunctive double
test ETT VvV CCTA can be the preferred choice. CCTA would only be used if ETT is negative. Despite its
insufficient test accuracy, ETT is used first because it is much less costly than CCTA.

The task force also published testing ranges for individual test options. If the patient is suitable and
the technology as well as the local expertise is available, the ESC guidelines recommend the use of CCTA
in patients at low to intermediate p of 15-50%. Alternatively, for patients with p between 15-85%, stress
imaging testing (SE, MPS, SPECT, PET) is advised. If we follow the task force’s implicit p = 0.5, CCTA
is optimal for p up to 50%, although not as a single test, but in conjunctive combination with SE. CCTA
again is optimal for high p, now in disjunctive combination with SE. Changes in p, including down to 35%,
which follows from b/l = 1.9, will not change the optimal test strategies as a function of p much. Given the
relatively wide range of p for patients suffering from stable CAD, the majority functions M(ETT, CCTA, SE)
and M(CCTA,ETT, SE) may be optimal, depending on the values of p and p. Because the sequence of the
first two tests in the majority protocol does not affect the outcome, the protocols M(ETT, CCTA, SE) and
M(CCTA,ETT, SE) are equivalent in terms of their incremental net benefits.

Discussion

We studied the optimal aggregation of results from multiple diagnostic tests, using the incremental net
benefit (INB) to quantify the tradeoffs between the informational value of the tests, test costs, and the
associated benefits and harms of treatment. An online tool that visualizes the INB for various combined
tests and parameters is available at https://optimal-testing.streamlit.app/.
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Consistent with prior work on aggregating the results of multiple tests*'?, our findings confirm that the

receiver operating characteristic (ROC) curve is useful for evaluating tests based on their informational value.
However, an efficient test (i.e., one located on the ROC frontier) may not be optimal for a specific medical
application, as optimality requires maximizing the INB, which depends on both the test’s informational value
and health-economic factors. Likewise, tests that are inefficient from an informational perspective may still
be optimal due to their low costs and minimal side effects.

Using three application examples focused on prostate cancer, colorectal cancer, and stable coronary artery
disease diagnostics, we identify decision boundaries that determine when different combinations of tests are
optimal, based on a patient’s pre-test probability of disease and their cost-benefit tradeoff from treatment.
For prostate cancer diagnostics, the most relevant tests are the free-to-total prostate-specific antigen (PSA)
test and its combination with the human kallikrein 2 (hK2) marker, where hK2 is performed first, and the
PSA test is conducted if the HK result is positive. However, the benefit-cost ratio of a biopsy in case of
positive test outcomes needs to be 10 to justify the use of the combined double test and even 24 for the
single hK2 test. The implied small range for testing for prostate cancer is due both to the low accuracy
of these tests and the low prevalence of this cancer. For colorectal cancer, the single fecal immunochemical
test and conjunctively combined triple tests are particularly relevant due to the disease’s low prevalence. In
contrast, for stable coronary artery disease, a broader range of tests, including the single coronary computed
tomographic angiography test, conjunctively and disjunctively combined triple tests, and majority protocols,
is practically relevant due to the condition’s wider prevalence range.

Two limitations are worth noting. First, we assume that the outcomes of different tests are conditionally
independent, given the disease status. This assumption is widely used in the medical decision-making
literature as it simplifies the mathematical analysis of aggregated test results. Moreover, manufacturers
typically report performance measures for individual tests without addressing potential dependencies between
them. However, in practice, test results may exhibit correlations. Second, while we used established estimates
for parameters such as test costs and the benefits and harms of treatment, these parameters may vary in
practice due to heterogeneous population effects and other context-specific factors.

Both limitations present valuable opportunities for future research. Quantifying the effects of correlations
between test results and obtaining more accurate estimates for the parameters involved in the INB calculation
can contribute to further improving medical decision-making processes that rely on aggregating results from
multiple tests. Another interesting direction for future work is to study the applicability of our proposed
methods in infectious disease monitoring and management. %33
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